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Fourier Transform

Forward Transform (Analysis Equations):

F(k) =F{f}(k) = /_OO f(x)exp (—i27mkx) dx

Inverse Transform (Synthesis Equations):

@)

fz) = F-YF}(z) = / F(k) exp (i 2 k) dk
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Dirac Delta Function

F{5} =1

Proof:

F{5} = / S(x)e=iZrhrdy = e~12TRO —

Rect Function
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Gaussian Function

2

fla)=eT" Fifik)y ="
The Fourier Transform of a Gaussian is itself.

Proof:

T YT D R Now differentiate both sides
Flk) = J(k) = /_oo c c dx with respect to k.

2

Py = [ e (camape i
Integrate by parts where u(x) = e~ 2Tk and o' (z) = e~ (—27x).

f(k) = =27k / e (—27k) f (k)
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#(k) = —2rk /_ gt gmizmka gy (—27k) f (k)

This is a separable ordinary differential equation.

f;((:)) = —2nk = log (f(K)) = ~nk2 +& = f(k) = ce ™"
where c is a constant.

From homework, we saw /_OO e ™ dr =1

= f(0) = / e T i2m0T gy :/ e dy = 1 = c=1.
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Symmetry Properties of Fourier Transform

If fisreal and even then F’ is real and even.
If fis real and odd then [' is imaginary and odd.

If fis real then F' is Hermitian (its real part is even and its imaginary part
is odd).

Note: you will prove these in homework.

Derivative Theorem
FA{f(x)} (k) = i2mk F{f}(k)

d d d

Flo) = @) = P FYNe) = 4 [ Fe

= / F(k)ie””wdk = / F(k)(i2mk)e ™ k> dk

= f{f } = .F{./T 1{ i2nk)F }} 227T]€ k)




Integral Theorem

v _HkE) 1
]—"{/_OO f(T)dT} (k) = o + §f{f}(0) o(k)

Proof:

Left for EE 261.

Step Function

Flu}(k) = 5 (5(k) " i)

ik

Proof:

u(t) = /_too d(x)dx

Applying the integral property completes the proof. B
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Shift Theorem
F{f(x — A)} = e ™2 F{f}(k)

Proof:
Flif(z—-A / flx —A e~ 2Tk gy Let u =a — A.
F{f T — / f z27rl~c(u—|—A)dx
— e—iZWkA/ f(u)e—ﬂﬂ'kudx.
Shifted Delta Function
F{d(z = w0)} (k) = €727
Proof:

Recall that ]—"{5} — 1.
Apply the Shift Theorem.
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Duality
FAFS =17

Proof:

It suffices to show JF{ f} = F1 {f_}
FUym = [ stein= i

F1 {f_}(k):/_oo f(—s)e"?™ 5 ds :/_OO fu) e 2™ v dy
|
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Applications of Duality

We’ve shown

Fl{é} =1 F{II} =sinc  F{d(x —x0)} = o127k

By duality,

F{l1} =6 F{sinc} =11 F{e?mheol = §(x — x0)
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Cosine and Sine
F{cos(2mx)Hk)==[0(k+ 1)+ d(k —1)]

Flsin(2rz)} (k) = = [6(k + 1) — 5(k — 1)]

N | . DN —

Proof:

Flcos(2mz)} (k) = /_ O:O cos(2mz)e 27Ty — /

— o0

o0 6127ra:_|_6—127r:1:

2

e—z 27 kxdm

0(k—1)+46(k+1)]
H

_ 1/ e—i27r(k+1)xdx+1/ e—iZW(k—l)wdx — 1
2 ) 2 ) o 2
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Linearity of the Fourier Transform

The Fourier Transform accepts a function as input and outputs a function.
It’'s a system!

The Fourier Transform is linear.

211(2
; . (27)

I
+

~1/2 l 1/2 —1/2 1/2 —1/4 l 1/4
FAfHE) = FA{Il(x) 4 211(2x) } (k)
= F{Il(x)} (k) + F{2I1(2z)} (k) = sinc(k) + sinc(k/2).
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Comb or Shah Function

) = 3° ote ) ARRNRRNAREER

n=—oo 0

Proof:

LI is a periodic function with period 1. Therefore, it can be
represented by a Fourier series.
o0 1/2
(z) = Z cn€xp (127 nx). ¢, = I(x) exp (—i2mnz) dx = 1.
n=—o00 —-1/2
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= ll(x) = Z exp (i 27 nx) .

n=—oo

Taking the Fourier Transform of both sides:

(oo

]:{Hl}—f{ Z exp(i?wnx)} = Z F{exp (i2mnz)}

n=—oo n=——oo
o0

= Y d(k-n) = III.
n=—oc u
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Scaling Theorem
1 k
Fftaa)} = 7 (1) (5

el

Proof:
Case1: a >0

F{f(ax)} (k) = /_OO flox)e 2™ kedg = 1 /OO f(u)e_i%%udu

ke

When we consider the case where @ < 0, we complete the proof. [ ]
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The function can be thin before or after the Fourier Transform, but not both.
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Heisenberg Uncertainty Principal

The dispersion of a function f about a point @ is

/oo (@ = a)?| f(@)]? do
JZ f@)Pde

It is a measure of much f is concentrated near a.

A, f =

1
The HUP states that A, f Ay " > 1 forall a, b.

The point: either f or F{f} are spread out.
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Complex Conjugation Theorem

F{fy=F{f3

F{f} (k)= /ZOO f(x)e 2™k dy = /_O; f(x)et?2m ke dy

= [ pesemeas < FW
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Parseval’s (Rayleigh’s) Theorem
E; = Er

Proof:
Recall: the energy of a function fis

Br= [ e = [ g6 / Fa) FI{ER)] da
— /_ Z F(z) /_ N F(k)ei?mhsdk do = / / fz)e™ ™ du
:/_ZWF(k)de/_O;F(k)Mk. _
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Convolution Theorem
Fif*gt=F{f}Flg}
Proof:

F{fxg}= / (f * g)(z) e ™ g = / </ f(Mg(z —~ d7> TR g
/ fy (/ g(xz —y)e 2”’“dx) dy —/ F(v) (e7™) G(k)dy

/ £ (e~ 2™y dy = F(k) G (k)

The Fourier Transform Converts Convolution into Multiplication!!!
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Tri Function

(1 if|z <12
Az) = { 0 otherwise /\

F{A} = sinc”

Proof:
A=1I%1II

By applying the convolution theorem, we complete the proof.

25

Generalized Parseval’s Theorem

/_ Z F(2)F(x) da = /_ O; F(k) G(k) dk

Proof:
Left for homework.
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Where Are We?

We’ve seen that a LS| system can be completely characterized by its
impulse response.

The output is equal to the input convolved with the system’s
impulse response.

We’ve seen that we can convert the difficult convolution operation into
multiplication, which is very easy, with the Fourier Transform.

We now have a pile of theorems to analyze our Systems with in the
Fourier domain.
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