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Lecture 11:  Multi-Dimensional Fourier Transform
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Fourier Transform
Forward Transform (Analysis Equations):

Inverse Transform (Synthesis Equations):

F (k) = F{f}(k) =
Z 1

�1
f(x) exp (�i 2⇡ kx) dx

f(x) = F�1{F}(x) =
Z 1

�1
F (k) exp (i 2⇡ kx) dk
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Fourier Transform
The Fourier Transform is a system that accepts functions as input and outputs 
functions.

Input functions:

Output functions:

f : R ! C
F : R ! C

F = F{f}
       is called the spectrum of     .F f

3

Multi-Dimensional Fourier Transform
The Multi-dimensional Fourier Transform is a system that accepts functions 
as input and outputs functions.

Input functions:

Output functions:

F = F{f}
       is called the spectrum of     .F f

f : RN ! C
F : RN ! C
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Two-dimensional Fourier Transform
Forward Transform (Analysis Equations):

Inverse Transform (Synthesis Equations):

f(x, y) = F�1
2D{F}(x, y) =

Z 1

�1

Z 1

�1
F (k

x

, k

y

) ei 2⇡ (k
x

x+k

y

y)
dk

x

dk

y

F (k
x

, k

y

) = F2D{f}(k
x

, k

y

) =

Z 1

�1

Z 1

�1
f(x, y) e�i 2⇡ (k

x

x+k

y

y)
dx dy
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Theorem: Fourier Composition

Proof:

F = F2D{f} = F1D,x

{F1D,y

{f}}

F1D,x

{F1D,y

{f}} = F1D,x

⇢Z 1

�1
f(x, y)e�i 2⇡(k

x

x+k

y

y)
dy

�

=

Z 1

�1

Z 1

�1
f(x, y) e�i 2⇡ (k

x

x+k

y

y)
dx dy = F2D{f}.

Similarly, the inverse two-dimensional Fourier Transform is the compositions 
of inverse of two one-dimensional Fourier Transforms.
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Multi-dimensional Fourier Transform
Forward Transform (Analysis Equations):

Inverse Transform (Synthesis Equations):

F (k) = F
ND

{f}(k) =
Z 1

�1
· · ·

Z 1

�1
f(x) e�i 2⇡ (k·x)

dx

f(x) = F�1
ND

{F}(x) =
Z 1

�1
· · ·

Z 1

�1
F (k) ei 2⇡ (k·x)

dk
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Note:  when the context makes the number of dimensions unambiguous, I 
will often use the       symbol to mean the appropriate N dimensional Fourier 
Transform.

F
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Discrete Fourier Transform
Analysis Equations:

Synthesis Equations:

Note: both the DFT and the IDFT can be done by a computer.

DFT{f}[m] =

N�1X

n=0

f [n] exp
⇣
�i 2⇡

mn

N

⌘

IDFT{f}[m] =

1

N

N�1X

m=0

F [m] exp

⇣
i 2⇡

mn

N

⌘

9

Two-Dimensional Discrete Fourier Transform

Analysis Equations:

Synthesis Equations:

There is a composition theorem for the Discrete Fourier Transform.

f [m,n] = IDFT2D{F}[m,n] =
1

MN

M�1X

u=0

N�1X

v=0

F [u, v]ei 2⇡(
mu
M +nv

N )

F [u, v] = DFT2D{f}[u, v] =
N�1X

m=0

M�1X

n=0

f [m,n]e�i 2⇡(mu
M +nv

N )
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Two-Dimensional Discrete Fourier Transform

Accepts two-dimensional arrays as inputs and outputs two-dimensional 
arrays.

Note:  another word for a two-dimensional array is image.
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2D Array
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Rather than showing the numbers, we can show corresponding colors.  
0=black, and 255=white.
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Here’s a larger array.
0=black, and 255=white.
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We can always go back to the array of numbers.
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Here’s a larger array.
0=black, and 255=white.
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Here’s an even larger array.  Now we have too many numbers to display 
on this screen.
0=black, and 255=white.
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And larger …
0=black, and 255=white.
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And larger
0=black, and 255=white.
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Still larger.  At this point, our eye can no longer discern most of the 
individual pixels.
0=black, and 255=white.
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Largest.
0=black, and 255=white.
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Two-Dimensional Discrete Fourier Transform
Since an image is just a 2D array, we can compute the two-dimensional 
Discrete Fourier Transform of an image!

Shown on log scale.
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