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Matrices
A matrix is a rectangular 2D array of numbers.

Example:
2

4
0 1 �2.3 0.1
1.3 4 �0.1 0
4.1 �1 0 1.7
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This matrix has 3 rows and 4 columns.  We call it a
3x4 matrix.

A matrix with the same number of rows and columns
is called a square matrix.



M x N Matrices

The set of all M x N matrices is denoted

RM⇥N

Matrix Transpose
The transpose of the matrix is the result of 
flipping the matrix about its diagonal.
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a11 a12 · · · a1N
a21 a22 a2N
...

. . .
...

aM1 aM2 aMN
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T

=
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a11 a21 · · · aM1

a12 a22 aM2
...

. . .
...

a1N a2N aMN
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Matrix-Scalar Multiplication

k
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a11 a12 · · · a1N
a21 a22 · · · a2N
...

. . .
...

aM1 aM2 · · · aMN
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k a11 k a12 · · · k a1N
k a21 k a22 · · · k a2N
...

. . .
...

k aM1 k aM2 · · · k aMN
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Each element of the matrix is multiplied by the scalar.

Matrix-Vector Multiplication

The result is a linear combination of the columns of the 
matrix.
The linear coefficients are the elements of the vector.
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a11 a12 · · · a1N
a21 a22 · · · a2N
...

. . .
...

aM1 aM2 · · · aMN
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a11
a21
...

aM1
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v1 +
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a12
a22
...

aM2
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v2 + · · ·+
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a1N
a2N
...

aMN
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vN



Matrix-Vector Multiplication

Each element of the result is the dot product of the 
rows of the matrix with the vector.
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a11 a12 · · · a1N
a21 a22 · · · a2N
...

. . .
...

aM1 aM2 · · · aMN
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rT1
rT2
...

rTM
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rT1 v
rT2 v
...

rTMv
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Identity Matrix
The Identity Matrix is a matrix with 1s along the 
diagonal and zeros everywhere else.

I =

2
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1 0 · · · 0 0
0 1 · · · 0 0
...

. . .
...

1 0
0 · · · 0 1

3
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Question:  What is         for any vector      ?Iv v



Consider an                 Matrix       with real entries.M ⇥N A

Matrix-vector multiplication with matrix       is a 
function!

A

x

Ax

A

Domain Range

Consider an                 Matrix       with real entries.M ⇥N A

Matrix       can only multiply vectors from        .  So 
that’s its Domain.

RNA

x

RN



Consider an                 Matrix       with real entries.M ⇥N A

Multiplication by       can only output vectors from        
so that’s its Range.

A RM

x
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A
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Matrix-Vector Multiplication

The result is a linear combination of the columns of the 
matrix.
The linear coefficients are the elements of the vector.
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a21 a22 · · · a2N
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Matrix-Vector Multiplication

So if A is M x N, and x is size N, what size is Ax?

Ax is size M.

Matrix-Matrix Multiplication

Each column of the output is the result of the matrix
U times the corresponding column of the matrix V.

U

2

664v1 v2 · · · vN

3

775

| {z }
V

=

2

664U v1 U v2 · · · U vN

3

775



Matrix-Matrix Multiplication

Each element of the output is a dot product of the rows
of the first matrix with the columns of the second.
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rTu,1
rTu,2
...

rTu,M
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664cv,1 cv,2 · · · cv,N
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rTu,1cv,1 rTu,1cv,2 . . . rTu,1cv,N
rTu,2cv,1 rTu,2cv,2 . . . rTu,2cv,N

...
. . .

...
rTu,Mcv,1 rTu,Mcv,2 . . . rTu,Mcv,N

3
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Matrix-Matrix Multiplication

So if A is M x N and B is N x P, what is C = A B ?

C is size M x P.



Matrix Inverse
For some matrices, there exists an inverse matrix such 
that

M�1M = I

x

M x

M�1

Note:  it’s a very special thing for a matrix to be invertible.

Theorem

Only square matrices can be invertible.



Block Matrix
A matrix where each element is a matrix.
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A11 A12 · · · A1N

A21 A22 A2N
...

. . .
...

AM1 AM2 AMN
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Here, each            is a matrix.Aij

Block Matrix Multiplication

Block Matrix Multiplication is just like the dot product 
matrix multiplication.
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rTA,1

rTA,2
...

rTA,M
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cB,1 cB,2 · · · cB,N

3
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rTA,1cB,1 rTA,1cB,2 . . . rTA,1cB,N

rTA,2cB,1 rTA,2cB,2 . . . rTA,2cB,N

...
. . .

...
rTA,McB,1 rTA,McB,2 . . . rTA,McB,N
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